We study the compactification of OM-theory on tori and show a simple heuristic derivation of the S-duals of noncommutative open string theory in diverse dimensions from the OM-theoretical point of view. Especially, we identify the S-duality between noncommutative open string theory and noncommutative Yang-Mills theory in (3 + 1) dimensions as the exchange of two circles of a torus, on which OM-theory compactified.
Introduction
Recently, In the papers [1, 2] (NCOS) theory. Related topics have also been discussed in [3] [4] [5] [6] [7] [8] [9] [10] .
Let us explain the NCOS limit in some detail. Suppose that a Dp-brane is in a p-dimensional flat space with a background B-field and a metric g µν = η µν (µ, ν = 0, 1),
and f → 0 in the NCOS limit. By using a gauge symmetry, under which the gauge field A on the D-brane and the B-field B transform as A → A − Λ, B → B + dΛ, we make the background B-field vanishing and, instead, obtain the corresponding background field strength F = dA. In order to take the field strength to the critical value in the limit, we set 2πα
Translating these parameters into the open string moduli in [11] , we find that the noncommutative parameter Θ 01 becomes 2πα In the paper [12] , OM-theory has been proposed to describe the strong coupling limit of (4 + 1)-dimensional NCOS theory (NCOS 4+1 ). open membranes in the OM limit. The self-duality of the field H means, as discussed in [13] , that
Now, we can define OM-theory by the limit M p → ∞ with M eff fixed. In this limit, open membranes (M2-branes) stretched on the x 1 -x 2 plane or on the
have a finite effective tension.
NCOS 4+1 can be obtained by the compactification of OM-theory on S 1 where the coordinate x 2 is periodically identified and the radius is R 2 . As we will see in the next section, by exploiting the relation between an M5-brane wrapped on S 1 in M-theory and a D4-brane in type IIA superstring theory, the open string moduli is given in terms of the parameters R 2 , M eff as 1/α
. Thus, the strong coupling limit G o → ∞ of NCOS 4+1 can be seen to be the decompactification (i.e., R 2 → ∞) of the OM-theory on S 1 , and NCOS 4+1 becomes (5+1)-dimensional OM-theory in the limit.
In [2] , the strong coupling limit of (3+1)-dimensional NCOS theory has also been discussed. Since NCOS 3+1 is given by the NCOS limit of a D3-brane in type IIB superstring theory, by S-duality of type IIB superstring theory, we find that the strong coupling behavior of NCOS 3+1 is described by (3+1)-dimensional spatially noncommutative YangMills theory.
Aspinwall [14] and Schwarz [15] have given to S-duality of the nine-dimensional type IIB superstring theory an interpretation as the modular transformation of a torus on which M-theory is compactified; see also [16] . In this paper, by applying their idea to OM-theory compactified on a two-dimensional torus, we give a simple derivation of S-duality between spatially noncommutative Yang-Mills theory and NCOS theory in (3+1) dimensions.
Further, we discuss the compactification of OM-theory on higher dimensional tori to
give a heuristic derivation of the S-duals of NCOS theories in diverse dimensions, from the OM-theoretical point of view, though the authors of the paper [12] have already identified the S-dualized theories. NCOS theory in (1+1) dimensions has been discussed in more detail in [8] . We use an M2-brane to discuss the S-duality of this theory in section 3. We also discuss T -duality between NCOS theories in section 4. First, identifying R 2 as R, we regard the wrapped M5-brane as a D4-brane in IIA theory with the string coupling constant g
S-duality
2 and the string tension
on the circle of the radius R 3 = f L 3 . The field strength of the gauge field on the D4-brane worldvolume has a nearly critical electric component
If we take the limit R 3 → ∞, this theory turns into (4 + 1)-dimensional NCOS theory with the effective string tension 1
and the open string coupling constant
, as shown in [12] . Under the T -duality on the circle of the finite radius R 3 , the D4-brane is mapped to a D3-brane in type IIB theory compactified on a circle of radius
where the string coupling constant is
The open string metric G AB (A, B = 0, 1, 4, 5) and the noncommutative parameter Θ AB on the D3-brane are given as in [11] by
The open string coupling constant turns out to be
Thus, we can see that the NCOS limit in NCOS 3+1 agrees with the OM limit with R 2 and L 3 fixed. Note that, since the mass of D-strings wound once on the circle is
and remains finite in the OM limit (i.e., M p → ∞ with M eff fixed), the D-strings are not decoupled from the worldvolume theory, although the tension of D-strings is very large:
eff . Thus, to discard those additional degrees of freedom and obtain (3+1)-dimensional NCOS theory, after taking the OM limit, we should take the limit R 2 → 0. In order to keep the effective string tension 1/α
eff and the open string coupling constant G E fixed in the limit, we have to take the limit M 3 eff → ∞ and L 3 → 0 at the same time.
Next, let us think of the M5-brane on the torus as a D4-brane in another type IIA theory with the string coupling constant g
on the circle of the radius R 2 . In this picture, the field strength on the worldvolume has a nonzero magnetic component
By T -duality on the circle in the x 2 direction, we obtain a D3-brane in type IIB theory compactified on a circle of radius 10) with the string coupling constant
The open string coupling constant becomes
The open string metric and the noncommutative parameter are given by
and
From (1.1), (2.8), and (2.9), we can verify that the OM limit with R 2 and L 3 fixed is the same limit as the NCYM limit found in [11, 12] . Note that, in this limit, the string coupling constantg (3) str goes to zero. Therefore, the perturbative IIB string theory gives a good description in the limit. However, as the wound D-strings in the previous case is S-dual to open strings wound on the circle in the x 2 direction, we have the open strings
, and we would obtain extra degrees of freedom from the wound open strings, besides those in (3+1)-dimensional noncommutative Yang-Mills theory (NCYM), in the limit. Therefore, to decouple these degrees of freedom, we need to take R 2 to zero. In this limit, since we would like to keep G M and Θ 45 fixed, we have to take the limit L 3 → 0 and M eff → ∞. Thus, the theory on the D3-brane becomes (3+1)-dimensional noncommutative Yang-Mills theory (NCYM) in the above limit.
This limit is in agreement with that in the previous case to obtain NCOS 3+1 . Comparing the open string coupling constants G E in (2.5) with G M in (2.11) shows that the exchange R 2 ↔ L 3 corresponds to S-duality between NCOS theory and NCYM theory in (3+1) dimensions. We also note that the fluxes of the electric field F 01 and the magnetic field F 45 come from the same background self-dual H 012 and indeed are unified in OM-theory, although they seems very different in lower dimensions.
OM-theory Compactified on Higher Dimensional Tori
In the last subsection, we considered an M5-brane wrapped on a torus. In this subsection, further, we wrap the M5-brane on a circle of radius R 4 = f L 4 in the x 4 direction, in addition to the circles in the x 2 and x 3 directions.
First, we consider the electric picture of this theory, i.e., we identify the x 2 direction as the '11th' direction of M-theory. As in the previous subsection, the T -duality on the circle in the x 3 direction maps the D4-brane into the D3-brane on the circles of the radii R 3 and R 4 . Here the string coupling constant isg (2) str and the tension of closed strings is α 14) and the open string coupling is
(2.15) Therefore, the OM limit (i.e., f → 0 with M eff fixed) gives the NCOS limit in (2+1) dimensions.
D2-branes wound on the torus in the x 3 and x 4 directions are the T -dual of the wound D1-branes on the circle in the previous subsection, and the mass of the wound D2-branes equals 1/R 2 . In order to decouple the D2-branes with α ′ (2) eff and G E fixed, we take the limit
In the other picture, we have a D3-brane on the circles of the radii R 2 and R 4 with F 45 in (2.9). Using rescaled coordinates x ′i = f x i (i, j = 4, 5), we find that the closed string metric turns into g ij = δ ij and that the gauge field on the D3-brane becomes A
Now, let us contemplate the T -duality on the circle in the x 4 direction, under which the D3-brane transforms into a D2-brane. Since the T -duality maps the gauge field A ′ 4 to a scalar field X ′4 on the D2-brane as A 
str =g
(2.17) Then, in the OM limit, we find that (2+1)-dimensional NCOS theory is dual to the theory on the D2-brane tilted at an angle of 45 degrees on the x ′4 -x 5 plane with the Yang-Mills coupling constant
Note that the D2-brane is helically wrapping the cylinder in the x ′4 and x 5 directions. The distance between successive turns is finite and nonzero if we measure it by the canonically normalized scalar field. Thus, the Higgs VEV of the effective theory on the D2-brane becomes finite. Note also that, by lifting to M-theory, we can see that this theory is equivalent to the description of the NCOS 2+1 by an M2-brane in [12] , except for the point that this theory is compactified on a 3-torus. Especially, the eleven-dimensional scale and the radius of the circle along the 4 direction are coincident. The difference of the compactification may disappear in the NCOS limit since the radii of the circles are very large in the NCOS theory.
Here, we will discuss D0-branes in (2p+1)-dimensional NCOS theory. D0-branes have finite mass , as shown in [11] . In the D4-branes (p = 2) case, the bounded D0-brane corresponds to an instanton in the low-energy Yang-Mills theory. Thus, the D0-branes may play a role as a nonperturbative object in (4 + 1)-dimensional NCOS theory. In the D2-branes case, the bounded D0-branes correspond to uniform electric flux on the worldvolume. Since the coordinates x 0 and x 1 are not compactified, the finite number of D0-branes cannot produce the finite electric flux. Thus, the D0-brane seems irrelevant in (2 + 1)-dimensional NCOS theory.
Now, let us move to OM-theory compactified on (q + 1)-dimensional spatial torus (0 ≤ q ≤ 3), where the coordinates x 2 and x j (3 ≤ j ≤ q + 2) are periodically identified and their radii are R 2 and R j = f L j , respectively. By identifying R 2 as R and applying the T -duality to the q circles, we find that the OM limit becomes the NCOS (4−q)+1 limit and that the closed string coupling constant is given by g str = G 2 o /f , where
is the open string coupling constant.
In the NCOS (1+1) case, the open string coupling is
. In order to decouple D3-branes wound on T 3 in the x 3 , x 4 and x 5 directions with mass M D3 = 1/R 2 and D1-branes wound on the circle in the k direction (k = 3, 4, 5) with
fixed. In a dual picture in which R is identified as R 3 , the magnetic flux F 45 must be quantized
However, under T -duality on the circle in the x 4 or x 5 direction, the tilted D2-brane transforms into a D3-brane, not a D-string. Although we could map the D2-brane to a D-string under T -duality, instead of doing it, we will give a simple description of the S-dual theory of NCOS 1+1 by the use of an M2-brane in the next section.
(1+1)-dimensional NCOS theory and M2-branes
In this subsection, we consider an M2-brane in M-theory compactified on a rectangular torus, which is a product of circles with circumferences 2πR 11 and 2πf L 2 , with a metric g µν = η µν (µ, ν = 0, 1, 11) and g 22 = f 2 :
and so the coordinate x 2 is identified under the translation by 2πL 2 as
Let us suppose that the M2-brane worldvolume is of the form R 2 × S 1 . For the R 2 , we take coordinates x 0 and x 1 . The circle S 1 is tilted at an angle of 45 degrees on the x 2 -x 11 plane, where we assume that L 2 = nR 11 and that the M2-brane is wound once on the circle in the x 2 direction.
According to the dictionary between M-theory and type IIA theory, the scalar field X 11 (= 2πR 11 φ) on the M2-brane worldvolume is the electric-magnetic dual of the gauge field in the (2+1)-dimensional DBI action of a D2-brane in type IIA theory. The scalar field φ has the usual normalized kinetic term and is mapped to the gauge field A as
where we use the coordinate x ′2 which is given by rescaling x 2 as x ′2 = f x 2 and so is identified under the translation by 2πR 2 = 2πf L 2 . Since the circle on which the M2-brane is wound tilts at an angle of 45 degrees on the x 2 -x 11 plane: i.e., S 1 on the line
we can see from (3.2) that there is nonzero background electric flux
on the D2-brane worldvolume. Thus, this system of the M2-brane is equivalent to a D2- is M D1 =R 2 /(g s α ′ ) = 1/R 11 . In order to decouple these D-strings with α ′ eff fixed, we can take the limit R 11 → 0 and M eff → ∞.
On the other hand, thinking of the x 2 direction as the '11'th direction of M-theory, we can view this system as n D2-branes with F 01 = 0 in type IIA theory with the string
eff /f and the string coupling constant g
. For the n = 1 case, the line x 2 = x 11 on which the M2-brane is wound corresponds to nonzero electric flux on the worldvolume of the D2-brane. It is convenient to normalize the scalar field X 2 on the M2-brane so that the metric which appears in the kinetic term of the scalar fields becomes η AB . Therefore, we have the relation X 2 = f x
11
(i.e., ∂ 11 X 2 = f ). As in the previous picture, by making use of 4) we find that the electric flux on the D2-brane worldvolume is
For general n, the flux may be obtained as 2πα
Taking the T -dual on the circle in the x 11 direction, we obtain n D1-branes with the electric flux in (3.5) in type IIB superstring theory compactified on the circle of ra-
eff ) =R 2 and the string coupling constantg
str → 0, and that 2πα ′ 2 F 01 → 0. Therefore, the OM limit can be identified as the YM limit, where this theory becomes (1+1)-dimensional U (n) Yang-Mills theory with a single unit of electric flux and the coupling constant
Indeed, this is the S-dualized theory of (1+1)-dimensional NCOS theory [12] . In this case, to decouple fundamental strings wound on the circle, which are the S-dual of the wound D-strings and have mass 1/R 11 , we have to take the same limit in the dual picture.
Summary and Discussion
In this paper, we have studied the compactification of OM-theory on tori, with the effective Planck scale M eff . As shown in [12] , depending on which circle to identify as that in the '11'th direction in M-theory -whether the direction tangent to the circle is aligned with that of nonzero H 0ij (i labels the spatial direction) or not, OM-theory compactified on the circle becomes NCOS theory or NCYM theory in (4+1) dimensions.
We have shown that the compactification of OM-theory on higher dimensional tori, which corresponds to the T -dual of the NCOS 4+1 on tori, gives lower dimensional NCOS theory, where the effective string tension 1/α ′ eff = 2RM 3 eff and the noncommutative parameter Θ 01 = 2πα ′ eff . From section 2, even after the NCOS limit, we still have 'T -duality' between NCOS theories. NCOS (p+1)+1 theory from a D(p + 1)-brane wound on a circle is mapped to NCOS p+1 theory from a unwound Dp-brane under T -duality on the circle. Let us suppose that the circle in NCOS (p+1)+1 theory has a coordinate s, which is identified under the translation s → s + 2πL. Before the NCOS limit f → 0, we assume a metric g ss = f By making use of (4.1), we can reproduce all the open string coupling constants G 2 o in the NCOS theories which we studied in this paper.
In section 2 and 3, we have demonstrated that we can understand, from the OMtheoretical point of view, what the S-duals of the NCOS theories are, although the Sdualized theories have already been identified in [12] . Especially, in (3+1) dimensions, we have seen that OM-theory compactified on a torus gives a simple heuristic derivation of the S-duality between NCOS 3+1 and NCYM 3+1 . When, the torus is the form of a product of circles of radii R and f L, the open string coupling G E in NCOS 3+1 is given by G 2 E = R/L and G M in NCYM 3+1 by G 2 M = L/R. Thus, the S-duality can easily be understood as the exchange L ↔ R. Also, it is interesting to notice that the electric flux F 01 in the NCOS theory and the magnetic flux F 23 in the NCYM theory are unified into the self-dual three-form field H in the M5-brane worldvolume theory.
Note added: while writing this paper, we received the paper [17] , which has overlaps with ours in the discussion about S-duality between NCOS and NCYM in (3+1) dimensions.
And, upon completion of this manuscript, we received the related papers [18, 19] .
